The electronic energy of the 2pu state of H.+ is calculated by perturbation theory to third order using the Guillemin-Zener wavefunction as a zeroth-order function. The results agree quite well with the exact calculations except for small internuclear distances, as expected. R ECENTLy,1 a perturbation calculation to third order in energy has been carried out on the ground state of H 2 + starting with a simple zeroth-order function. In this note, we present a similar calculation on the 2prr state of H2+' In this calculation, the firstorder perturbation equation is solved, and the energy calculated to third-order.
The normalized zeroth-order wavefunction for the 2prr state is taken to be the Heitler-London function,
The zeroth-order Hamiltonian corresponding to 1{; C O) is
(1) and
The parameters a and b are functions of R, as is the normalization constant fiT, and "/. . and J.t are the usual spheroidal coordinates. At R= 00, 1{;(O) becomes the separated hydrogen atom and proton. But as R~O, from the definitions of A and J.t (with the origin of the spherical coordinates taken at the midpoint of the line joining the two nuclei) , R"/..= (r 2 +r R cosO+iR2) 1/2+ (r 2 -r R cOSO+tR2) 1/2, Hence, we have upon expansion of sinh HRbJ.t) , and keeping terms of order R only,
This wavefunction is not the correct limiting form for R=O, since the 2p state for the H atom has a node at r=O. Because of this, it is seen that the perturbation series begins to diverge for sufficiently small R.
Kim and Chang 2 have used a wavefunction of the type of (1) and have minimized the expectation value of X with respect to a and b. We start with their wavefunction as 1{;CO). The values of a and b are given in Ref. (4) should be compared with the XCO) corresponding to the ground-state wavefunction. 1 (They are not the same, of course).
Equation
The perturbation, V, is given by X-X(O) or (6) Thus, we must solve the first-order perturbation equation for (1) :
The procedure used to find 1{;Cl) is to make the substitution:
where FI and F2 depend only on the variable indicated. When (8) is substituted into (7), we find that (7) is separable into two equations:
in which the primes refer to differentiation with respect to the variable upon which Fl or F2 depends, and C is a separation constant at our disposal. C is chosen to ensure the proper behavior of Fl and F2 at the boundaries.
Equations (9a) and (9b) are integrable and we find after some rearrangement. and F2 (,u) 
in which FlO and F 2° are constants of integration, which will be used to ensure that 0/(1) is orthogonal to 0/(0). We
The second-and third-order perturbation energies are given by 
These were evaluated by first integrating analytically over A then integrating numerically over,u using a 16-point Gaussian integration.
The expectation value of JC with respect to a trial function of the form ¢ = 0/(0) + co/(1) may be written as a function of C, 0l( C), accurate through third-order in the perturbation where
Minimizing 0l(C) with respect to c gives and then
In Table I , the electronic energy is given for R=O.l to R=9.0 a.u. The agreement with the exact answers of Bates, Ledsham, and Stewart 3 is very good.
Small values of R: As expected from the comment 
above (that 0/(0) does not approach the correct limiting form for R-tO) the perturbation series seems to be diverging for R< 1.0 a.u. For R=O, we can solve the perturbation equation, (7), and we find [with (17) If we choose (1/;(0) 11/;(1)=0, then
S(R=O) = (3/a 2 ) -(13/a) +¥+j1l'2. In either case (a=0.3 or a=O.4), E(3) is larger than E(2) in absolute magnitude. This indicates that the series seems to be diverging. The reason for this lies undoubtedly in the choice of the zeroth-order wavefunction. The first-order function (17) corrects the zeroth-order by putting in a term proportional to rexp(-ar) cosO (the correct wavefunction at R=O), but still contains terms which cause difficulties at r=O.
From Table I , we can see that 8 1 (C = 1) is greater than E(0)+E(Il[=8 1 (C=0)] for R<0.4 a.u., and less for R:::;0.4 a.u. which indicates that the perturbation series is beginning to diverge at R",,0.4 a.u.
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